Abstract. Let f be a transcendental entire function and let I(f ) denote the set of points that escape to infinity under iteration. We give conditions which ensure that, for certain functions, I(f ) is connected. In particular, we show that I(f ) is connected if f has order zero and sufficiently small growth or has order less than 1/2 and regular growth. This shows that, for these functions, Eremenko's conjecture that I(f ) has no bounded components is true. We also give a new criterion related to I(f ) which is sufficient to ensure that f has no unbounded Fatou components.
Introduction
Let f be a transcendental entire function and denote by f n , n ∈ N, the nth iterate of f . The Fatou set, F (f ), is defined to be the set of points, z ∈ C, such that (f n ) n∈N forms a normal family in some neighbourhood of z. The complement, J(f ), of F (f ) is called the Julia set of f . An introduction to the basic properties of these sets can be found in, for example, [7] . This paper concerns the escaping set I(f ) = {z : f n (z) → ∞ as n → ∞}, which was first studied for a general transcendental entire function f by Eremenko [12] . He proved that In particular, note that I(f ) is unbounded.
Eremenko conjectured that it may be possible to replace I(f ) with I(f ) in (1.4) . This problem still remains open although it has been shown to be true for certain classes of functions -see, for example, [6] and [21] . However, it was shown in [21] that points in I(f ) cannot necessarily be connected to infinity by a curve in I(f ), answering another question of Eremenko.
For many of the functions considered in [6] and [21] , I(f ) consists of an infinite family of unbounded curves. On the other hand, Eremenko's conjecture is also true when I(f ) is connected, since I(f ) is always unbounded. In fact, I(f ) can be connected in surprisingly simple situations. For example, consider the function defined by f (z) = z+1+e −z . This function was studied by Fatou [13, Example 1] who showed that F (f ) consists of a single completely invariant domain, U say, which is in I(f ). (Such a set U is now known as a Baker domain.) For this function, I(f ) is connected because U ⊂ I(f ) ⊂ U = C.
In [18, Theorem 2] we proved the following result which shows that I(f ) is connected, and hence Eremenko's conjecture is true, in the more complicated situation where F (f ) has a multiply connected Fatou component. In the same paper, [18, Theorem 1], we showed that I(f ) always has at least one unbounded component. Remark. It is known [3, Theorem 3.1] that a multiply connected component U of F (f ) is a bounded wandering domain and contains a Jordan curve γ such that f n (γ) → ∞ and f n (γ) surrounds 0 for sufficiently large n ∈ N.
In this paper we show that the escaping set is connected, and hence Eremenko's conjecture is true, for other classes of transcendental entire functions. In Section 2 we prove the following generalisation of Theorem 1. This is the main result of the paper. Note that U denotes the union of U and its bounded complementary components.
Theorem 2. Let f be a transcendental entire function and suppose that there exists a bounded domain U with ∂U ⊂ I(f ) and U ∩ J(f ) = ∅. Then (a) α n = ∂ f n (U) is in I(f ), α n → ∞ and α n surrounds 0 for sufficiently large n; (b) I(f ) is connected.
Since J(f ) = ∂I(f ), the hypothesis of Theorem 2 is equivalent to the hypothesis that ∂U ⊂ I(f ) and U ∩ I(f ) c = ∅. We can thus describe this hypothesis informally as there exists a 'hole in I(f )'. It follows from Theorem 2 that Eremenko's conjecture is true whenever there is a hole in I(f ). We will show in the final section of the paper that there are many functions which satisfy the hypotheses of Theorem 2 but do not have any multiply connected Fatou components (so Theorem 1 does not apply to them). We proved Theorem 1 in [18] by considering the following subset of I(f ), which was introduced by Bergweiler and Hinkkanen in [9] :
Here, for r > 0, M(r, f ) = max |z|=r |f (z)| and R can be taken to be any value such that R > min z∈J(f ) |z|. We showed in [18] that for any transcendental entire function f the set A(f ) is equal to the set
where D can be taken to be any open disc meeting J(f ), and also that B(f ) is connected under the hypotheses of Theorem 1; see [18, Theorem 2] . It follows from the 'blowing up property' of the Julia set (see Lemma 2.1) that B(f ) is completely invariant. In this paper, we introduce subsets of B(f ) of the form
where D is any open disc meeting J(f ). Note that for any transcendental entire function f all the components of B(f ) and B D (f ) are unbounded; see [18, Theorem 1 and its proof]. In Section 3 we prove results concerning the structure of such sets which lead to various sufficient conditions for B D (f ), B(f ) and I(f ) to be connected. Our first theorem in that section is the following. We then show that there are several conditions that are equivalent to the hypotheses of Theorem 3. This enables us to prove the following result. Note that the hypotheses of Theorem 3 (and hence Theorem 4) imply that the hypotheses of Theorem 2 are satisfied; that is, there exists a hole in I(f ). We are aware of two different classes of functions that satisfy the hypotheses of Theorem 4. Firstly, by the remark following Theorem 1, any entire function with a multiply connected component of the Fatou set will satisfy these hypotheses. Secondly, many functions of order less than 1/2 have been shown to satisfy conditions which, as we explain in Section 4, are stronger than the hypotheses of Theorem 4. This gives various results, including the following.
Corollary 5. Let f be a transcendental entire function and suppose that either (i) there exist ǫ ∈ (0, 1) and R > 0 such that
(log log r) ǫ , for r > R, or (ii) the order of f is ρ < 1/2 and Recall that the order of a function f is defined to be
The functions of order less than 1/2 in Corollary 5 were originally studied in connection with a different question, associated with Baker [2] , namely, whether a function of order at most 1/2, minimal type, can have any unbounded Fatou components. It was shown in [22, Theorem B and Theorem C] that the functions in Corollary 5 have no unbounded Fatou components. Note that (1.5), which is not even satisfied by all functions of order 0, is the best published growth condition on M(r, f ) guaranteeing no unbounded Fatou components which does not require some additional regularity condition such as (1.6). See [15] for a survey article describing many other results on this problem. Recently, we have shown that weaker conditions than (1.5) and (1.6) are sufficient to ensure that a function of order less than 1/2 has no unbounded Fatou components (see [20] ), and Corollary 5 also holds under these weaker conditions.
Finally, we give a criterion related to the escaping set which is sufficient to ensure that a transcendental entire function has no unbounded Fatou components. Together with Theorem 4, this gives the following result.
Theorem 7. Let f be a transcendental entire function, let D be an
open disc meeting J(f ), and suppose that there exist Jordan curves γ n such that, for all n ∈ N,
and
Remark. The similarities between Theorems 3 and 6, and between Theorems 4 and 7, arise indirectly from their common methods of proof. It is natural to ask whether there is any direct relationship between the condition that I(f ) (or B(f )) is connected and the absence of unbounded components of F (f ). Note, however, that the Fatou example f (z) = z + 1 + e −z mentioned earlier has an unbounded Fatou component and I(f ) is connected.
Proof of Theorem 2
We begin this section by stating some existing results that will be used in the proof of Theorem 2. Firstly, we will use the following well-known property of the Julia set; see, for example, [7, Section 2] for a proof. This is often called the 'blowing up property' of the Julia set.
where
The exceptional set, E(f ), contains at most one point.
We also use the following result; see [9] and [18] .
Lemma 2.2. Let f be a transcendental entire function. The set B(f ) has the following properties:
Proof of Theorem 2. Let f be a transcendental entire function and suppose that there exists a bounded domain U with ∂U ⊂ I(f ) and
So, since I(f ) is completely invariant, it follows from Lemma 2.1 that (2.1) α n ⊂ I(f ), α n → ∞ and α n surrounds 0 for large enough n.
This proves part (a). We now show that I(f ) is connected. We begin by showing that B(f ) belongs to one component of I(f ). Suppose that B 1 and B 2 are two components of B(f ). These are unbounded by Lemma 2.2(b) and so, by (2.1), there exists N ∈ N such that B i ∩ α n = ∅, for i = 1, 2 and n ≥ N.
Since α n ⊂ I(f ), for each n ∈ N, it follows that B 1 and B 2 belong to the same component of I(f ). Therefore, there exists a component I 0
To complete the proof we show that Here we use the notation B(w, r) = {z : |z − w| < r}, where w ∈ C and r > 0. 
In what follows we often use the property that, if G is a bounded domain, then
Proof. Since D ∩ J(f ) = ∅, it follows from the blowing up property,
then it follows from (3.1) that, for each n ∈ N,
and hence f m (z) ∈ B D (f ), for each m ≥ M. This completes the proof.
Proof of Theorem 3.
Suppose that there exists a bounded domain U with ∂U ⊂ B D (f ) and U ∩ J(f ) = ∅, and put
In particular,
for each n ∈ N. Since ∂f n+M (U) ⊂ β n+M , part (a) of Theorem 3 now follows from the blowing up property of the Julia set, Lemma 2.1.
We now recall that the proof of Lemma 2. 
is open and hence B D (f ) is closed.
We now show that there are several properties of B D (f ) that are equivalent to the hypothesis on B D (f ) given in Theorem 3. These properties will be useful when proving that a given function satisfies this hypothesis. 
Proof. We begin by showing that (a) implies (b). So suppose that B D (f )
c has a bounded component U. We know from Lemma 3.
We now show that (b) implies (c). First note that if V n is the component
Thus n∈N V n is connected. If (b) is true then it follows from Theorem 3(a) that there are no unbounded components of B D (f ) c and so n∈N V n is bounded; that is, (c) is true. Finally, we show that (c) implies (a). Put V = n∈N V n and suppose that (c) is true. Clearly V ⊂ B D (f ) c . We claim that ∂V ⊂ B D (f ) and hence (a) is true. To show this, we use proof by contradiction.
So suppose that z 0 ∈ ∂V and that f
It follows from (3.3) that there exists
Thus, by (3.4) ,
This, however, contradicts the fact that V N 1 is a component of f −N 1 ( f N 1 (V )) and so (a) is indeed true. This completes the proof of Lemma 3.3.
We are now in a position to prove Theorem 4.
Proof of Theorem 4. Let f be a transcendental entire function and let
D be an open disc meeting J(f ). Suppose that there exist Jordan curves γ n such that, for all n ∈ N, Now let V n be the component of f −n ( f n (D)) that contains D. We will show that n∈N V n is bounded. First note that, by the blowing up property, Lemma 2.1, there exists N ∈ N such that
We claim that V n ∩ γ N = ∅, for all n ∈ N.
We prove this by contradiction. So, suppose that there exists m ∈ N such that V m ∩ γ N = ∅. Since V m ⊃ D, this implies that there exists a path σ ⊂ V m joining a point in D to a point in γ N . By (3.7), we have
and, by (3.5) and (3.6), f (γ N ) surrounds the bounded component of γ c N +1 and hence surrounds f N +1 (D). So it follows from (3.8) and (3.6) that f (σ) joins a point in f (D) to a point in γ N +1 . Continuing this process inductively, we find that
and so it follows from (3.9) that
This, however, contradicts (3.5) and so we must have
Since V n ⊃ D, for all n ∈ N, it follows from (3.5), (3.7) and (3.10) that V = n∈N V n lies in the bounded component of γ 
Functions of small growth
As mentioned earlier, it is conjectured that if f is a transcendental entire function of order at most 1/2, minimal type, then F (f ) has no unbounded components. This question was first studied by Baker [2] and has since been studied by many other authors; see [15] . Many of the papers in this area use the following result [22, Lemma 2.7] , which is a generalisation of a result by Baker [2, proof of Theorem 2].
Lemma 4.1. Let f be a transcendental entire function and suppose that there exist sequences R n , ρ n → ∞ and c(n) > 1 such that
Here, for r > 0, m(r, f ) = min |z|=r |f (z)|.
We now show that if f satisfies the hypotheses of Lemma 4.1, then f also satisfies the hypotheses of Theorem 4, so the sets B D (f ), B(f ) and I(f ) are all connected.
Lemma 4.2. Let f be a transcendental entire function and suppose that there exist sequences R n , ρ n → ∞ and c(n) > 1 such that
we have f n (D) ⊂ B(0, R n ). If we put γ n = {z : |z| = ρ n }, then the properties of the sequences R n and ρ n imply that (4.1) and (4. we proved that functions satisfying (1.5) and functions of order ρ < 1/2 satisfying (1.6) must both satisfy the hypotheses of Lemma 4.1 (and so have no unbounded Fatou components); these proofs use estimates for m(r, f ) due to Baker [1] and Cartwright [11] . By Lemma 4.2, these functions also satisfy the hypotheses of Theorem 4. This proves Corollary 5.
Unbounded Fatou components and the escaping set
In the previous section we stated that Lemma 4.1 forms the basis of many proofs to show that certain functions of small growth have no unbounded Fatou components. As we have seen, the hypotheses of Lemma 4.1 are stronger than those of Theorem 4 and hence stronger than those of Theorem 3. We now prove that the hypotheses of Theorem 3 are in fact sufficient to ensure that a function has no unbounded Fatou components -that is, we prove Theorem 6. We use the following results, the first of which is proved in [17, Theorem 3(b) ], for example. 
Proof. We first recall some facts from Wiman-Valiron theory. For a detailed account, see [14] , for example.
Let f (z) = ∞ n=0 a n z n be a transcendental entire function. For r > 0, let N(r) denote the integer n ≥ 0 such that |a n |r n is maximal and let z r satisfy |z r | = r and |f (z r )| = M(r, f ). The main result of WimanValiron theory states that if τ > 1/2, then there is a set E ⊂ (0, ∞) such that E 1/t dt < ∞ and
as r → ∞, r / ∈ E. In [12, proof of Theorem 1], this result was used to prove that, for r large enough and r / ∈ E, we have
Now N(r) → ∞ as r → ∞. Thus, for R sufficiently large, there exists r ∈ (R/2, R) such that (5.1) holds and B(z r , 5r/N(r)) ⊂ B(0, R). Therefore,
for all sufficiently large R. The result then follows by induction.
We are now in a position to prove Theorem 6. 
where β n = f n (∂U), for n ≥ 0, and so V ⊂ I(f ). We now take R 0 so large that
and 2M(R 0 , f ) > R(f ), where R(f ) is as defined in Lemma 5.2. Next we take m ∈ N such that
(This is possible by the blowing up property, Lemma 2.1.) Finally, we take z 1 ∈ V ∩ β M and z 2 ∈ V ∩ β m+M . Then, by (5.2),
Also, by (5.3) and Lemma 5.2, for all n ∈ N,
Thus, since z 2 ∈ β m+M and
which contradicts Lemma 5.1. Therefore there are no unbounded Fatou components. Example 1 Bergweiler and Eremenko showed in [7] that there are transcendental entire functions of arbitrarily small growth for which the Julia set is the whole plane. In particular, there exists such a function f whose growth satisfies (1.5), and hence has order 0. Thus, by Corollary 5(i), the sets B D (f ), B(f ) and I(f ) are all connected. Clearly f has no multiply connected Fatou components.
Examples
Example 2 Baker [5] and Boyd [9] independently showed that there are transcendental entire functions of arbitrarily small growth for which every component of the Fatou set is simply connected and every point in the Fatou set tends to 0 under iteration. As before, there exists such a function f whose growth satisfies (1.5), and hence has order 0. Thus, by Corollary 5(i), the sets B D (f ), B(f ) and I(f ) are all connected. Clearly f has no multiply connected Fatou components. ≥ C log f (r) log r , for r > r 0 .
